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Abstract
In this paper the existence and uniqueness of solutions for a class of semilinear parabolic partial
differential equations with non-Lipschitz coefficients on Riemannian manifold are obtained. Two
non-Lipschitz functions are provided to show our results.
 2005 Elsevier Inc. All rights reserved.
Keywords: Parabolic partial differential equation; Non-Lipschitz; Heat kernel; Bismut formula
1. Introduction
Let M be a complete and smooth Riemannian manifold without boundary. Consider the
following semilinear parabolic partial differential equation (PDE):
∂u(t, x)
∂t
= ∆u(t, x) + g(t, x, u(t, x))+ div(X(t, x, u(t, x))) (1)
subjected to the initial condition
u(0, x) = u0(x),
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on M , g(t, x,u) :R+ × M × R → R is a measurable function, and X(t, x,u) :R+ × M ×
R → Tx(M) is a measurable vector field.
In the following we assume that M has bounded geometry, i.e.:
(I) the injective radius δ of M is strictly positive;
(II) there exists a κ  0 such that
〈Ricx Xx,Xx〉x −(d − 1)κ|Xx |x for all x ∈ M and Xx ∈ TxM,
where Ric is the Ricci curvature at x ∈ M , and d is the dimension of M .
Let pt(x, y) be the heat kernel corresponding to ∆, dx the Riemannian measure, 〈·,·〉x
the Riemannian inner product at tangent space Tx(M), | · |x the length of a vector in Tx(M),
and ∇ the gradient operator. A measurable function u(t, x) on R+ × M is called a mild
solution if u(t, x) satisfies
u(t, x) =
∫
M
u0(y)pt (x, y) dy +
t∫
0
∫
M
g
(
s, y,u(s, y)
)
pt−s(x, y) dy ds
+
t∫
0
∫
M
〈
X
(
s, y,u(s, y)
)
,∇ypt−s(x, y)
〉
y
dy ds.
Classical theory of PDE states that if g and X are Lipschitz continuous in u, then there
is a unique mild solution (cf. [6,7]) to Eq. (1). To my knowledge, there are less papers to
devote the study for non-Lipschitz case in current literatures. In this paper, under some non-
Lipschitz conditions on g and X, which is like the well-known Osgood’s condition in the
theory of ordinary differential equation (ODE) (cf. [1]), by Picard’s iteration the unique
mild solutions are constructed. Here, the main tools are the Lp-estimates of heat kernel
pt (x, y) and the comparison theorem in ODE. After some preliminary lemmas in Section 2,
we prove our main results in Section 3. Finally, in Section 4, two examples are given.
2. Preliminary lemmas
We first prove a lemma about the Lq -estimates for the heat kernel on M and its gradient
by Bismut formula. In the following ‖·‖q will denote the norm in Banach space Lq(M,dx)
for q  1.
Lemma 2.1. Assume that (I) and (II) hold, let pt (x, y) be the heat kernel on M asso-
ciated with the Laplace–Beltrami operator ∆. Then for any q  1, there is a constant
C := C(q, d, δ, κ) > 0 such that for any x ∈ M∥∥pt(x, ·)∥∥q C(t ∧ δ) (1−q)d2q , t > 0,∥∥∇xpt (x, ·)∥∥q  C(t ∧ δ) d−(d+1)q2q , t > 0,
where d is the dimension of M , δ is the injective radius of M .
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and Croke inequality (see [4, VIII 1.3 and V 2.15]), we have
pt(x, y)Ct−
d
2 , 0 < t  δ.
For t > δ, we have
pt(x, y) =
∫
M
pt−δ(x, z)pδ(z, y) dz Cδ−
d
2
∫
M
pt−δ(x, z) dz = Cδ− d2 .
So,
pt(x, y)C(t ∧ δ)− d2 , 0 < t < +∞. (2)
Thus ∫
M
∣∣pt(x, y)∣∣q dy =
∫
M
∣∣pt(x, y)∣∣q−1pt(x, y) dy C(t ∧ δ) (1−q)d2 .
Secondly, by Bismut formula (see [3] or [8, p. 159, Theorem 6.41]) we have
∇xpt (x, y) = t−1pt(x, y)E
[ t∫
0
Rs dw(s) | γ (t) = y
]
,
where w(s) is the Brownian motion in Rd , γ (t) is the Brownian motion on M , and Rs
solves the following ODE:
dRs
ds
= −1
2
Rs · Ricγ (s), R0 = I.
Since Ricci curvature is bounded from below, we have
|Rs | C.
So for 0 < t  δ, by (2) and Burkhölder inequality we have
∫
M
∣∣∇xpt (x, y)∣∣q dy = t−q
∫
M
∣∣pt (x, y)∣∣q
∣∣∣∣∣E
[ t∫
0
Rs dw(s) | γ (t) = y
]∣∣∣∣∣
q
dy
 Ct−q−
(q−1)d
2
∫
M
∣∣∣∣∣E
[ t∫
0
Rs dw(s) | γ (t) = y
]∣∣∣∣∣
q
pt (x, y) dy
 Ct−q−
(q−1)d
2 E
∣∣∣∣∣
t∫
0
Rs dw(s)
∣∣∣∣∣
q
 Ct
d−(d+1)q
2 .
For t > δ, by Hölder inequality and Fubini theorem we have
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M
∣∣∇xpt (x, y)∣∣q dy =
∫
M
∣∣∣∣∣
∫
M
∇xpδ(x, z)pt−δ(z, y) dz
∣∣∣∣∣
q
x
dy

∫
M
(∫
M
∣∣∇xpδ(x, z)∣∣qxpt−δ(z, y) dz
)
dy
=
∫
M
∣∣∇xpδ(x, z)∣∣qx dz
 Cδ
d−(d+1)q
2 .
The proof is then complete. 
We also need the following lemmas.
Lemma 2.2. Let ρ(u) :R+ → R+ be a continuous and nondecreasing function satisfying
ε∫
0
1
ρ(u) + u du = +∞, (3)
for some ε > 0.
Given a function z(t) :R+ → R+, assume that for some C0 > 0 and α ∈ [0,1)
z(t)
t∫
0
ρ
(
z(s)
)
ds +
t∫
0
C0
(t − s)α z(s) ds, ∀t > 0,
then z(t) = 0 for all t > 0.
Proof. Fixing T > 0, for any t ∈ [0, T ] we have
z(t)
t∫
0
ρ
(
z(s)
)
ds +
t∫
0
C0
(t − s)α
( s∫
0
ρ
(
z(r)
)
dr
)
ds
+
t∫
0
C0
(t − s)α
( s∫
0
C0
(s − r)α z(r) dr
)
ds
=
t∫
0
ρ
(
z(s)
)
ds + C0
1 − α
t∫
0
(t − s)1−αρ(z(s))ds
+ C20
t∫ ( t∫ 1
(t − s)α ·
1
(s − r)α ds
)
z(r) dr0 r
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t∫
0
ρ
(
z(s)
)
ds + C′1
t∫
0
1
(t − s)2α−1 z(s) ds  · · ·
 Cn
t∫
0
ρ
(
z(s)
)
ds + C′n
t∫
0
1
(t − s)(n+1)α−n z(s) ds,
where we have used the fact that for α,β ∈ [0,1)
t∫
r
1
(t − s)α(s − r)β ds = (t − r)
1−α−β
1∫
0
1
uα(1 − u)β du Cα,β(t − r)
1−α−β.
Here the constants Ci , C′i , i = 1,2, . . . , n, only depend on C0, T , α. By α ∈ [0,1), choosing
n sufficiently large such that (n + 1)α − n < 0, we have
z(t)CT,α,C0
t∫
0
(
ρ
(
z(s)
)+ z(s))ds.
By (3) and the comparison theorem of ODE, we obtain that z(t) = 0 for all t ∈ [0, T ]. The
proof is then complete. 
Lemma 2.3. Let ρ(u) :R+ → R+ be a continuous and nondecreasing concave function
satisfying ρ(0) = 0 and
ε∫
0
1
ρ ◦ ρ(u) du = +∞, (4)
for some ε > 0.
Given a function z(t) :R+ → R+, assume that
z(t)
t∫
0
1√
t − s ρ
(
z(s)
)
ds, ∀t > 0,
then z(t) = 0 for all t > 0.
Proof. Without any loss of generality, we only need to prove that z(t) = 0 for all t ∈
[0,1/4]. Since ρ is concave and ρ(0) = 0, we have
αρ(u) ρ(αu), ∀α ∈ [0,1], u 0.
By
∫ t
0
1√
t−s ds = 2
√
t  1 and Jensen inequality, we have
z(t)
t∫ 1√
t − s ρ
( s∫ 1√
s − r ρ
(
z(r)
)
dr
)
ds0 0
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√
tρ
( t∫
0
1
2
√
t (t − s)
s∫
0
1√
s − r ρ
(
z(r)
)
dr ds
)
= 2√tρ
(
1
2
√
t
t∫
0
( t∫
r
1√
t − s
1√
s − r ds
)
ρ
(
z(r)
)
dr
)
 2
√
tρ
(
2√
t
t∫
0
ρ
(
z(r)
)
dr
)
 ρ
(
4
t∫
0
ρ
(
z(r)
)
dr
)
,
where we have used that
∫ t
r
1√
t−s
1√
s−r ds =
∫ 1
0
1√
u(1−u) du 4.
Set
f (t) :=
t∫
0
ρ
(
z(r)
)
dr.
Since ρ is nondecreasing, we then have
f ′(t) ρ ◦ ρ(4f (t)),
i.e.,
f (t)
t∫
0
ρ ◦ ρ(4f (s))ds.
By (4) and the comparison theorem of ODE, we obtain f (t) = 0 for all t ∈ [0,1/4], and so
z(t) = 0 for all t ∈ [0,1/4]. The proof is thus finished. 
Remark 2.4. If a continuous and nondecreasing concave function ρ satisfies (4), then
for any C  1, ρ˜(u) := Cρ(u) still satisfies (4). In fact, by the concavity of ρ, we have
Cρ(u) ρ(Cu) for all u > 0. Thus,∫
0+
1
ρ˜ ◦ ρ˜(u) du =
∫
0+
1
Cρ(Cρ(u))
du
∫
0+
1
C2ρ(ρ(u))
du = +∞.
3. Main results
In this section, we prove our main results in three cases.
Theorem 3.1. Assume that for any u1, u2 ∈ R and T > 0,
X. Zhang / J. Math. Anal. Appl. 314 (2006) 579–589 585∣∣g(t, x,u1) − g(t, x,u2)∣∣ f1(t, x)|u1 − u2|, (5)∣∣X(t, x,u1) − X(t, x,u2)∣∣x  f2(t, x)|u1 − u2|, (6)
sup
t∈[0,T ]
(∥∥f1(t, ·)∥∥p + ∥∥f2(t, ·)∥∥p + ∥∥g(t, ·,0)∥∥p + ∥∥X(t, ·,0)∥∥p)CT , (7)
where some p > dim(M) and CT > 0.
Then there is a unique mild solution u(t) ∈ Lq(M) to Eq. (1) for any u0 ∈ Lq(M),
where q = p/(p − 1).
Proof. Let {un,n ∈ N} be defined by Picard iterated sequence
un(t, x) =
∫
M
u0(y)pt (x, y) dy +
t∫
0
∫
M
g
(
s, y,un−1(s, y)
)
pt−s(x, y) dy ds
+
t∫
0
∫
M
〈
X
(
s, y,un−1(s, y)
)
,∇ypt−s(x, y)
〉
y
dy ds. (8)
For t ∈ [0, T ], by (5), (6) and Lemma 2.1 we have∥∥un(t) − um(t)∥∥
q

t∫
0
∫
M
f1(s, y)
∣∣un−1(s, y) − um−1(s, y)∣∣ · ∥∥pt−s(·, y)∥∥q dy ds
+
t∫
0
∫
M
f2(s, y)
∣∣un−1(s, y) − um−1(s, y)∣∣
y
· ∥∥∇ypt−s(·, y)∥∥q dy ds

t∫
0
(
(t − s) ∧ δ) (1−q)d2q ∫
M
f1(s, y)
∣∣un−1(s, y) − um−1(s, y)∣∣dy ds
+
t∫
0
(
(t − s) ∧ δ) d−(d+1)q2q ∫
M
f2(s, y)
∣∣un−1(s, y) − um−1(s, y)∣∣dy ds

t∫
0
(
(t − s) ∧ δ) (1−q)d2q ∥∥f1(s, ·)∥∥p∥∥un−1(s) − um−1(s)∥∥q ds
+
t∫
0
(
(t − s) ∧ δ) d−(d+1)q2q ∥∥f2(s, ·)∥∥p∥∥un−1(s) − um−1(s)∥∥q ds
 C
t∫
(t − s)−α∥∥un−1(s) − um−1(s)∥∥
q
ds,0
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dent of n,m.
Hence, by (7) we have for any t ∈ [0, T ]
∥∥un(t)∥∥
q
 C‖u0‖q + C
t∫
0
(t − s)−α∥∥un−1(s)∥∥
q
ds.
By a simple iteration, we easily find that
sup
n
sup
t∈[0,T ]
∥∥un(t)∥∥
q
< +∞.
Set
z(t) := lim sup
n,m→∞
∥∥un(t) − um(t)∥∥
q
.
Then by Fatou lemma we have
z(t) C
t∫
0
1
(t − s)α z(s) ds.
By Lemma 2.2, we obtain
z(t) = 0.
So there is a u(t) ∈ Lq(M) such that
lim sup
n→∞
∥∥un(t) − u(t)∥∥
q
= 0.
By taking the limit for (8) we obtain the existence of solution.
The uniqueness follows from a similar calculation. 
In the following two results, we need the following assumption on the heat kernel:∫
M
∣∣∇ypt (x, y)∣∣y dy  CT t−1/2, ∀t ∈ [0, T ], x ∈ M. (9)
If M = Rd and pt(x, y) is the usual Gaussian kernel, then the above assumption obvi-
ously holds. If M is a compact Riemannian manifold without boundary, then the above
assumption also holds (cf. [5, Theorem 5.11]).
Theorem 3.2. Assume that for all t, x ∈ R+ × M and u1, u2, u ∈ R,∣∣g(t, x,u1) − g(t, x,u2)∣∣+ ∣∣X(t, x,u1) − X(t, x,u2)∣∣x  ρ(|u1 − u2|), (10)∣∣g(t, x,u)∣∣+ ∣∣X(t, x,u)∣∣
x
 C0
(
1 + |u|), (11)
where C0 > 0 and ρ is a continuous and nondecreasing concave function satisfying the
condition (4).
If u0 ∈ L∞(M), then there is a unique mild solution u(t) ∈ L∞(M).
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∥∥un(t)∥∥∞  ‖u0‖∞ + C0
t∫
0
(
1 + ∥∥un−1(s)∥∥∞)ds
+
t∫
0
C0 · CT√
t − s
(
1 + ∥∥un−1(s)∥∥∞)ds.
This then gives
sup
n
sup
t∈[0,T ]
∥∥un(t)∥∥∞ < +∞.
We now have by (9) and (10)∥∥un(t) − um(t)∥∥∞

∥∥∥∥∥
t∫
0
∫
M
ρ
(∣∣un−1(s, y) − um−1(s, y)∣∣)pt−s(·, y) dy ds
∥∥∥∥∥∞
+
∥∥∥∥∥
t∫
0
∫
M
ρ
(∣∣un−1(s, y) − um−1(s, y)∣∣) · ∣∣∇ypt−s(·, y)∣∣y dy ds
∥∥∥∥∥∞

t∫
0
ρ
(∥∥un−1(s) − um−1(s)∥∥∞)ds +
t∫
0
CT√
t − s ρ
(∥∥un−1(s) − um−1(s)∥∥∞)ds.
Set
z(t) := lim sup
n,m→∞
∥∥un(t) − um(t)∥∥∞.
Then we have for any t ∈ [0, T ]
z(t)
t∫
0
ρ
(
z(s)
)
ds +
t∫
0
CT√
t − s ρ
(
z(s)
)
ds

t∫
0
C′T√
t − s ρ
(
z(s)
)
ds.
By Lemma 2.3, we get
z(t) = 0.
So there is a u(t) ∈ L∞(M) such that
lim sup
n→∞
∥∥un(t) − u(t)∥∥∞ = 0.
By taking the limit for (8) we obtain the existence of solution.
588 X. Zhang / J. Math. Anal. Appl. 314 (2006) 579–589From the above calculations, the uniqueness is clear. 
By Lemma 2.2, same argument yields the following result.
Theorem 3.3. Assume that for all t, x ∈ R+ × M and u1, u2, u ∈ R,∣∣g(t, x,u1) − g(t, x,u2)∣∣ ρ(|u1 − u2|), (12)∣∣X(t, x,u1) − X(t, x,u2)∣∣x  C0|u1 − u2|, (13)∣∣g(t, x,u)∣∣+ ∣∣X(t, x,u)∣∣
x
 C1
(
1 + |u|), (14)
where C0,C1 > 0 and ρ is a continuous and nondecreasing function satisfying the condi-
tion (3).
If u0 ∈ L∞(M), then there is a unique mild solution u(t) ∈ L∞(M).
4. Examples
Let ρ1,η, ρ2,η be two concave functions defined by
ρj,η(u) :=
{
u[− logu]1/j , u η,([− logη]1/j − 1
j
[− logη]1/j−1)u + 1
j
[− logη]1/j−1η, u > η,
where j = 1,2, and 0 < η < 1/e.
Then, ρ1,η(u) clearly satisfies (3), and ρ2,η(u) satisfies (4). In fact, for ε > 0 sufficiently
small, we have
ε∫
0
1
ρ2,η ◦ ρ2,η(u) du =
ε∫
0
1
u
√− logu√− log(u√− logu) du
=
+∞∫
− log ε
1√
u
√
u − log√u du = +∞.
The following lemma gives two concrete functions with continuity modulus ρj,η, j =
1,2.
Lemma 4.1. For j = 1,2, let
σj (u) :=
∑
k1
sinj (ku)
k1+j
, u ∈ R.
Then, we have∣∣σj (u1) − σj (u2)∣∣ Cρj,η(|u1 − u2|), u1, u2 ∈ R,
for some η > 0 sufficiently small and C > 0. Moreover, for any m ∈ Z∣∣σj (u + mπ) − σj (mπ)∣∣ Cu(− logu)1/j ,
provided u > 0 small enough. In particular, σj , j = 1,2, are surely non-Lipschitz.
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
∑
k1
|sin2(ku1) − sin2(ku2)|
k3

(∑
k1
|sin(ku1) − sin(ku2)|2
k3
)1/2(∑
k1
|sin(ku1) + sin(ku2)|2
k3
)1/2
 C
(∑
k1
|sin2(k(u1 − u2)/2)|
k3
)1/2
 Cρ2,η
(|u1 − u2|),
provided η sufficiently small.
Similarly, we can prove that∣∣σ1(u1) − σ1(u2)∣∣ Cρ1,η(|u1 − u2|).
The second conclusion follows from [2, Lemma 3.1].
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